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2. Sigma Notation

Definition 2.1: [Sigma Notation]
If 𝑎𝑚, 𝑎𝑚+1, . . . , 𝑎𝑛 are real numbers and 𝑚 and 𝑛 are integers such that 𝑚 ≤ 𝑛, then

𝑛∑
𝑖=𝑚

𝑎𝑖 = 𝑎𝑚 + 𝑎𝑚+1 + . . .+ 𝑎𝑛−1 + 𝑎𝑛

Example 1. Find the sum of the following:

1.

4∑
𝑖=1

𝑖2 2.

𝑛∑
𝑖=3

𝑖 3.

5∑
𝑖=0

2𝑖 4.

𝑛∑
𝑘=1

1

𝑘

Solution:

1.

4∑
𝑖=1

𝑖2 = 12 + 22 + 32 + 42 = 30 2.

𝑛∑
𝑖=3

𝑖 = 3 + 4 + . . .+ (𝑛− 1) + 𝑛

3.

5∑
𝑖=0

2𝑖 = 20 + 21 + 22 + 23 + 24 + 25 = 63 4.

𝑛∑
𝑘=1

1

𝑘
=

1

1
+

1

2
+ . . . +

1

𝑛

□
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Example 2. Find the sum of the following:

1.

3∑
𝑖=1

𝑖− 1

𝑖2 + 3
2.

4∑
𝑖=1

2

Solution:

1.

3∑
𝑖=1

𝑖− 1

𝑖2 + 3
= 0 +

1

7
+

1

6
=

13

42
2.

4∑
𝑖=1

2 = 2 + 2 + 2 + 2 = 8

□

Example 3. Write the sum 23 + 33 + . . .+ 𝑛3 in sigma notation.

Solution:

23 + 33 + . . .+ 𝑛3 =
𝑛∑

𝑖=2

𝑖3 23 + 33 + . . .+ 𝑛3 =
𝑛−1∑
𝑗=1

(𝑗 + 1)3

23 + 33 + . . .+ 𝑛3 =

𝑛−2∑
𝑘=0

(𝑘 + 2)3

□
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Theorem 2.1: [Sum Rules]
If 𝑐 ∈ ℝ, then

(𝑎)

𝑛∑
𝑖=𝑚

𝑐𝑎𝑖 = 𝑐

𝑛∑
𝑖=𝑚

𝑎𝑖 (𝑏)

𝑛∑
𝑖=𝑚

(𝑎𝑖 + 𝑏𝑖) =

𝑛∑
𝑖=𝑚

𝑎𝑖 +

𝑛∑
𝑖=𝑚

𝑏𝑖

(𝑐)

𝑛∑
𝑖=𝑚

(𝑎𝑖 − 𝑏𝑖) =

𝑛∑
𝑖=𝑚

𝑎𝑖 −
𝑛∑

𝑖=𝑚

𝑏𝑖

Example 4. Find

𝑛∑
𝑖=1

1.

Solution:
𝑛∑

𝑖=1

1 = 1 + 1 + 1 + . . .+ 1︸ ︷︷ ︸
𝑛 terms

= 𝑛.

□
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Example 5. Prove that
𝑛∑

𝑖=1

𝑖 =
𝑛(𝑛 + 1)

2
.

Solution: Let 𝑆 =

𝑛∑
𝑖=1

𝑖.

𝑆 = 1 + 2 + 3 + . . . + (𝑛− 2) + (𝑛− 1) + 𝑛 rewrite 𝑆 starting with 𝑛

𝑆 = 𝑛+ (𝑛− 1) + (𝑛− 2) + . . .+ 3 + 2 + 1 add term by term

2𝑆 = (𝑛+ 1) + (𝑛 + 1) + . . . + (𝑛+ 1) + (𝑛 + 1) we have 𝑛 terms

2𝑆 = 𝑛(𝑛+ 1) solve for 𝑆

𝑆 =
𝑛(𝑛 + 1)

2

□
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Theorem 2.2: [Sum Formulas]
If 𝑐 ∈ ℝ, then

(𝑎)

𝑛∑
𝑖=1

1 = 𝑛 (𝑏)

𝑛∑
𝑖=1

𝑐 = 𝑐𝑛

(𝑐)

𝑛∑
𝑖=1

𝑖 =
𝑛(𝑛 + 1)

2
(𝑑)

𝑛∑
𝑖=1

𝑖2 =
𝑛(𝑛+ 1)(2𝑛+ 1)

6

(𝑒)

𝑛∑
𝑖=1

𝑖3 =

[
𝑛(𝑛 + 1)

2

]2
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Example 6. Evaluate
𝑛∑

𝑖=1

𝑖(4𝑖2 − 3).

Solution:
𝑛∑

𝑖=1

𝑖(4𝑖2 − 3) =

𝑛∑
𝑖=1

(4𝑖3 − 3𝑖)

=

𝑛∑
𝑖=1

4𝑖3 −
𝑛∑

𝑖=1

3𝑖

= 4
𝑛∑

𝑖=1

𝑖3 − 3
𝑛∑

𝑖=1

𝑖

= 4

[
𝑛(𝑛 + 1)

2

]2
− 3

𝑛(𝑛+ 1)

2

=
𝑛(𝑛 + 1)

2

[
4
𝑛(𝑛+ 1)

2
− 3

]

=
𝑛(𝑛 + 1)

2
[2𝑛2 + 2𝑛− 3] =

𝑛(𝑛 + 1)(𝑛2 + 2𝑛− 3)

2

□
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Example 7. Evaluate lim
𝑛→∞

𝑛∑
𝑖=1

[
𝑖2

𝑛2
+ 1

]
3

𝑛
.

Solution:

lim
𝑛→∞

𝑛∑
𝑖=1

[
𝑖2

𝑛2
+ 1

]
3

𝑛
= lim

𝑛→∞

[
𝑛∑

𝑖=1

3𝑖2

𝑛3
+

𝑛∑
𝑖=1

3

𝑛

]

= lim
𝑛→∞

[
3

𝑛3

𝑛∑
𝑖=1

𝑖2 +
3

𝑛

𝑛∑
𝑖=1

1

]

= lim
𝑛→∞

[
3

𝑛3

𝑛(𝑛+ 1)(2𝑛+ 1)

6
+

3

𝑛
𝑛

]

= lim
𝑛→∞

[
3

6

𝑛

𝑛

𝑛+ 1

𝑛

2𝑛+ 1

𝑛
+ 3

]

= lim
𝑛→∞

[
1

2
(1 +

1

𝑛
)(2 +

1

𝑛
) + 3

]
=

1

2
.1.2 + 3 = 4

□
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